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a summary of recent collaborathre work of 
the author on heat-How certain fundamental in euclidean 
and harrnonic is to allow the function (or 
to evolve according to certain nonlinear heat-flo•.v and ask whether the induced 
n1onotone for all time. 
§ L Introduction 
F'or d E N and t > 0 let denote the heat kernel on JR.d 
Ht /t 
Certain axe lzno'vvn 
an aSS()Ciated n1onotone ·which anses the 
functions to evolve under nonlinear heat-flovv- of the form 
(1.1) t } 1-----+ 
* 
1/p 
for some p > 0. 'i)\!e illustrate this with the celebrated gemnetric in-
which counts the multilinear 
m ~· 1 n> 
~' - tj L..<v.~J 
j=l _.t'J 
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where Id is the 
( 1 ?) Lo~ 
for 
Q: 
Uj (0, oo) >< 
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Tf1 
d:c < ]] 11/i 
j=l 






tL_;(t, ·l * 
·' ' 
and thus solves the heat 
particular, if each function fi 
on 
well-behaved 
with initial data 
as bounded with 
then 
II li cl:c = 
j=l 
This type of heat--flow proof of the 
Lieb and Loss [19] in 
Tao [16] 
thcdG the ;",'JVU.Cv'" 
(0, which satisfies 
:S: lim 
t-----i·OO IT llfjl!v'j j=l 
that a 
Is recoverable froa1 
to the "IV1ehler-flovv-" 
)+ 
of this observation in the rank one case; the 






rank ca.se follows 
A somewhat different use of heat-flow as a. tool for (1.2) can be found in 
[10]. The a proof 
of the reverse geometric due to survey 
article [7] contains further c<iscussion of this alternative to 
instance of the fruitfulness of the heat-flovv ap-
of the multilinear max:hnal [17]. 
successful outside the euclidean realm. In [19] and [20] 
and Loss the to prove certain multilin-
in the of (1.2) via heat-Hovvs on the §d-l in JRd and the 
on d letters also [9] for ar: extension in the 
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Heuristically, the flow Uj(t,x) in (1.3) asymptotically behaves like 11/jii~PjHt(x) 
for large time t and consequently it is well-suited to inequalities which are sharp when 
evaluated on centred gaussians. Classical examples of which are "interior cases" of the 
Young convolution inequality on ~d; that is, (by duality) the inequality 
(1.4) 
3 kd kd fr(x)h(Y)h(x- y) dxdy::::: C}} IIIJII£Pi(JRd) 
for nonnegative functions /j E LPi (~d) and Pj E (1, oo) such that l:J3= 1 .l = 2. In this 
. PJ 
case, ( l, l,--\-) lies on interior of the triangle, T, whose vertices lie at (0, 1, 0), (1, 0, 0) 
P1 P2 Ps 
and (1, 1, 1) and it is known that the sharp constant in (1.4) may be expressed as 
(due to Beckner [11], [12] and Brascamp and Lieb [18]). Here, u1 ,u2 > 0 satisfy l(1-Pl 
.l )u2 = .l (1 - .l )u1 and p'3 is the conjugate exponent to P3· For such exponents, via Pl P2 P2 
a change of variables the inequality in (1.4) sits under the umbrella of the geometric 
Brascamp-Lieb inequality and is therefore recoverable from a monotone quantity which 
arises from a modification of the heat-flow in (1.3). See [19] and [16] for further details. 
In Section 2 of this article we give a unified and direct heat-flow monotonicity treat-
ment of the Young convolution inequality on ~d and its reverse form. With nonsharp 
constant the reverse form was first noticed by Leindler [25] and the sharp form was 
proved by Brascamp and Lieb [18]. For sufficiently well-behaved functions fj E LPi (~d) 
we show that the norm 
exhibits monotonicity as each /j evolves according to heat-flow of form (1.1). In par-
ticular, provided .l + .l = 1 + l the induced quantity is nondecreasing for Pl,P2 > 1 
~ ~ p -
and nonincreasing for Pl , P2 ::::: 1. 
In Section 3 we pursue the applicability of the paradigm in the context of the 
Strichartz space-time estimates for the homogeneous Schrodinger equation. When the 
Lebesgue space exponents for which such estimates hold conspire to allow us to "multiply 
out" the Strichartz norm we observe a rather dramatic monotonicity under the flow (1.1) 
with p = 2. 
Finally, in Section 4 we consider the classical Hausdorff-Young inequality on ~d. 
Whenever the conjugate exponent p' is an even integer the LP' (~d) norm of the Fourier 
transform off is nondecreasing as the function f evolves under the flow in (1.1). This 
follows from [16] since the multiplied out expression for the norm coincides with a geo-
metric Brascamp-Lieb inequality via a change of variables. However, we produce explicit 
counterexamples to show that this monotonicity property fails substantially whenever 
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p' > 2 is not an even integer. We remark that such considerations are reasonable given 
Beckner's famous theorem on the gaussian extremisability of the Hausdorff-Young in-
equality [11], [12]. 
§ 2. Convolution inequalities 
Let dEN. Suppose 0 < Pl,P2,P < oo satisfy the scaling condition 
(2.1) 
and a 1 , a2 ~ 0 satisfy the relation 
(2.2) 
1 1 1 
-+-=1+-
Pl P2 P 
Let Q : (0, oo) ---+ (0, oo) be given by 
Q(t) = JJul(t, ·)1/Pl * u2(t, YIP2Jb(JRd), 
where Uj: (O,oo) x ffi.d---+ (O,oo) is given by 
(2.3) 
for some nonnegative fJ E LPj (ffi.d). Thus, Uj satisfies the heat equation 
a· 
OtU · = ___}__ /:::;.u ·. 
J 41T' J 
Theorem 2.1 (Bennett, B. [13]). If Pl,P2 ~ 1 then Q(t) is nondecreasing for 
each t > 0 and if Pl,P2 ::::; 1 then Q(t) is nonincreasing for each t > 0. 
Notice that Theorem 2.1 contains certain "boundary cases". In particular, we are 
including the exponents corresponding to the boundary of the triangle T, defined in the 
Introduction, with the exception of the vertices (0, 1, 0), (1, 0, 0) and their connecting 
edge. 
One can show that 
at least for bounded and compactly supported fj, and the constant C is given by 
c = IIH;(Pl * H;;p2 IILP(JRd)· 
Consequently, from Theorem 2.1 we recover the sharp Young convolution inequality and 
its reverse form which state that, for nonnegative functions fj E £Pi (ffi.d), the difference 
(2.4) 
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if Pl, P2 2: 1 and H'-'-"'"'v'"' if P1, P2 :S 1. 
In the admitted cases vvhere one of p 1 and p 2 is to 1, say 
that l7j vamshes and thus the flow u.i is constant in time. 
Dirac delta distribution at the for the heat kernel 
Ht at time zero, -vve see that C = 1 m this case. lVI:oreover, for such the 
monotonicity in Theorem_ 2J is strict agrees with the known fact that extrem.isers 
and follows 
from the of our proof of Theorem 2.L 
for each t > 0. Here c; is defined to be 1 if p 1 ,p2 > 1 and -1 if p 1 ,p2 :::; 1, and we have 
the t-~/ariable in the 
of extremais for •Nhich the 
for 
the lmmvn cha,ra.cterisation 
is zero is fully recoverable from the above 
2.1. For j = 1, 2 let Vj denote the time vector field 
on Vj = \7 tLj- Let u: (O,oo) x ----+ (O,oo) be 
* 
and let CJ be 
Vve claim that is vvhen Pl, JJ2 > l and when 




= '[}(Il (1 - _l_ \)Ulfp(1Ll/pllvll2 * 
Pl ' Pl 1 * 
-
1
----(o-, - pl)-+ u2 
P1JJ2 " 
- l) 
where we have used a freedom afforded the fact that the derivative of a convolution 
of two functions may well land on either. The 
6 






:r- y) + 
where (A1, (pu1 ll- _LI, pu2 11- _;t_l) rend E is defined to be 1 if Pl,P2 2: 1 and -1 
Pl P1 P2 P2 
if p 1 , p 2 :S 1. This follows the square in the and the 
1) and . This D 
At the of Theorem 2.1 is a closure for solutions of 
heat we have shown that if, for j = 1, 2, we have Pj 2: 1 and 
--+ ( 0, oo) satisfies 
> 
then 
where ·u and u are if Pj < 1 <md 
for j = 1, 2 then 
cr 
< --L:lu. 
- 47T . 
Here vve have sorne technical details which relate to the finiteness of various 
Lebesgue integrals arising in 
vu.":"''"" which 
the In [13] vve 
f-7 (p, u, 
a natural list of further 
and are also closed 
\Ale note that the heat-flow· monotonicity associated to the 
Lieb discussed in the Introduction here also rests on a sim.ilar closure property 
under the , ... , 1--t u vvhere u is the 
m 
·) = B . .jl/Pj J j • 
j=l 
This observation is implicit in the vmrk [19] and [16]. In 
closure property holds for harmonic that is 
seen to a "harn1onic 
we also note that a similar 
--+ u where 
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An of closure is that one may iterate and this allows 
us to deduce the following 
0 < 1J1, · · · , Pn, P < 
'7) 
and let 0 S cr1, ... , ern< oo 
for each j, k = 1, ... , n. Let Q : 






1\1 1/ 1 
-) crk =- 11-
Pj Pk \ Pic 
co) -+ be 
*···*1Ln, 
is 
Them'em 2.2 B. [13]), 
each i: > 0 and if Pl, ... , Pn S 1 t.hen 
fold 
extrer.nals. 




}j E LPJ 
zs 
each i > 0. 
we recover the n-
cha2·a.cterisation of 
eo~1c~ition is rela:(ed. Let 1 S Pl, ... , Pn, p < co be such that 
-~'\ 1 ) -
~~{~'}· 
j=ll J 
and suppose that 0 S a 1 , ... , C~n S 1 
Tl. 
'""" Ci_j 





= n -1 + -. 
p 
for each j, = 1, ... , n. let (0, 00) ---+ 
1/pi -(n-1) -1/p) /211ul 
T.;vhere u.7 (0, oo) x IP&.d ~, oo) is given {. c: IPJ (Tilld) J J c .L.! ,m. . 
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Theorem 2.3 For each > 0, Q(t) is 
The idea behind this extension "'·'Hc•cc.o in [16]. As was the case with Theorems 
2.1 and one can vievv Theorem 2.3 to a closure associated 
to heat inequalities. The additional under the relaxed "''"'c;,EH"' 
is that the differential 
for Uj (0, C'O) >< 
where ·u is 
and o· is 
\ 2d1r 
•)>---
. - ~· 
" 
and j = 1, ... , n imply 
'I I 
( ) ~O~Jr t' > ---
' - t ' 
n 
(Jp - ~· CJ . en . 
- - JFJ· 
j=l 
\Jile remark that if Uj satisfies the heat 
tial data then 
see 8,7 of [16]. 
For d E N let the Fourier transform f : ---+ rC of a 
f on be given 
Sdhrodi.nger 
(3.1) dx. 
For each s E Ifk let denote the Fourier 
ini-
function 
for all f belonging to tbe Schwartz class 
and x E 
E . Thus for each f E S(Ifkd) 
and we have that 
.au 
z- = -6.u 8s 
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on V'lith initial data f. It is now vvell-known that the solution 
estin1ate 
for some finite constant C if and :r ll 
q,d) /:- oo,2) and~+~=~· See 
references therein for earlier contributions. 
q, d) is 
for the 
9 




From_ the orientation of euclidean harmonic 
f coincides with the restriction 
we recall the familiar fact that 
extension operator) associated 
to a to f. for ]J = q = 2 + is classical and 
is due to Strichartz [26] UHL'--"'"'" of Stein and Tomas 
In 
so cia ted 
at this 
we observe the 
the notation 
for the solution to the heat 
1 
of norms as-
For aesthetic reasons and 
= !:iu with initial data f. 
(47rt)d/ 2 e 
) , 
divides p. 
on and a E oo) -,' (O,oo) 
(t) = 
zs .fm' each i > 0. 
the in 1'heoren1 3.1 are Triples (p, q, 
( 4, 4, 2). For such it £ollows frorn 1'heorem 3.1 when c' = 
for some bounded and function g on m;_cl that 
(t) = <::; lin1 
t-+oo 
''v1- PI'P t' - II i. _,._lc::: v ''-../-
since q is an even v\rhich divides ~o. 
the 
6,1),(8,4,1) and 
and f = 
cases, we recover 
dc:te to Foschi 
lO 
via the observation 
liEAL BEZ 
of Theorem 3.1 below that the 
4, 1) case, the heat-
frorn the ( 4, 4, 2) c::,se 
of 
formulae of Hundertmark 
in Lernma. 3.2 below. One can view the fact that we consider 
the which allow us to mulitply out the norm HS "bad" oscillatory 
section in the context behaviour. ·we add some strength to 
of the Fourier transforrr1 and the ii'""''"'-'·'" 
Lenrnna 3.2. 
(t) = 
is all > 0. 
For a of the above lemma, we refer the reader to [16]. Vvhen a 
case of the inherent in the 




l/2 1/2 d:c 
for each t > 0. 
1. VJe with the 6j 1) case. The 4, 2) case follo'i-l\TS 
by a similar an_d 'lle o1nit the details. 
For Sch,Nartz functions f on 
dx 
where P is the onto functions on which are invariant u.ncier the rotations 
and F' is the th:tee-fold tensor of f. The identi-
fication of P &~s due to Hundertmark anci. 
[23]. that we may Twrite 
HEAT-FLOW MONOTON!C:ITY lJ. 
where 0 is the group of isometries on V!hich C0incide wit 1~.c she on tha span 




Lemn::ta 3.2 and the 




the meaBure it follovvs tha.t is 
D 
The of Theorem 3.1 combined vrith 
at each time t > 0 from 
ar; explicit fon:nula the 
recover the con1plete 
characterisation of extrernals as Stricha.~~tz etr(.irnates. 
This characterisation is due to Foschi [21 j .:cmd HurH:iertmark aad 
Let f be 
: (0, 
§ 4. The HausdonT-Young inequaHty 
ftmction on and for 2 < q < 
v:he:ce ·) f ar:d ~ is the Fourier tra.nsform given 
and f lgiP for a bcmndecl and function 
for each t > 0 then 
~ co let 
INere 
If q = 1/ is an even integer then PlcBcherel's theorem one may write lE 
terms of a convolution 
By expar.ding the abmre L 2 (IF£. d) norm it follows fron:. [161 that "s ..._,,u·u·cc-v.l 
each t > 0; see [1J~J for a verification of this fact, 
to Theorem 2.3. Since 1/ is an even we have 
12 NEAL BEZ 
and thus one recovers the form of the Hausdorff- on 
( l!Dd\ JJ.·~ I 
our next :'>esult shovvs. 
suppose q is not an f 
on av.ch that 
Theorem 4.1 is of course a significant obstacle to J.Hl'JJ.H)'; based on l1ea1~-flov1 
of the Hausdorff- due to Beckner [11], for all1/ E [2, oo). 
It suffices to handle since if f is a one-dimensional 
, then f is a a-dimensional counterex-
that convolution and the Fourier transform 
it is natural to consider the case p = 1 first of all. 
YH'"''"'''"'-" of the heat kernel Ht, it is sufi'icient to find a coun-
in the form of a finite Borel measure p on R To this end, let Tn 2cnd n be 
E and 
,u= -f-- -1-
where 0.; deno1~es the Dirac deltc:. measure 
.} 
at the J· 
1+ + and if Cn denotes the nth Fourier coefficient of IP:Iq then it 
follo\NS that \TtJe can express as the power series in 
nEZ 
for ter1n term it follov'!S that the 
zero coincides w-ith the 
+ 
where ak is the kth binomial coefB.cient lTl the .It 
•Nhere we use the size restrietior~ on the r. ()bserve tha.t if k < 
here 
then 
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ak > 0, and thereafter ah is lll Now, 
co 
2 + e-2nit; 
h,k'=O 
vvhere 
{ (j + + ~~'and 
-jD+ 
and := l"'f U 
'We clairn that m and n on q) we can ensure 
that is 
if 1n and have the sarne parity the sets 
sarne Nioreover, in the sense 
that 'i'rhenever am+ = l the vector i:;hen 
or;e can shovi! that lS "V.thenever one of k and k' is less tha~n This 
leaves a. contribution from summands with k and k 1 
as one sunln'land is nonzero~ it follovvs that c1 -(- c~ 1 
of these we refer the reader to [14]. 
The manner in which the oscillation is m 
coeflkients is in the 
nil"' 0., 
111e 1aea 1s the For 
E,re sufficiently > 0, I-!1 * ~t is a finite sum 
[",CLUN51CL.HC5 and l " Trl/p c ose to i'-lt * 
+ 
power of from the definition of 
For furfher details 
'where 
raised to the 
power is kernel at a rescaled time. Furthermore, it is not 
difficult to Iocate a suitable 
c IOI' 
modulo an error 
made rigorous in [14]. 
to 
which our 
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